Abstract. The focus of the present study is upon the influence of liquefaction on the dynamic
INTRODUCTION
Contrary to the current engineering practice, which dictates the use of deep foundations in soils prone to liquefaction, new evidence suggests also the use of shallow foundations provided the existence of a non-liquefiable soil layer on top of the liquefiable layer is appropriately considered. If this non-liquefiable surface "crust" exhibits adequate thickness and shear strength, it can prevent the seismic settlement accumulation and post-shaking bearing capacity failure. Recently, Karamitros et al [1] [2] [3] have developed a design approach for the performance-based design of shallow foundations on liquefiable soils. The design is based on the idea of a natural or artificial crust, which needs not extend over the whole depth of the liquefiable sand, in order to take advantage of the observed benefits of settlement reduction [4] [5] , as well as the seismic motion attenuation ("natural seismic isolation") due to the liquefiable soil below the crust. Within the above context the need arises to investigate the dynamic response of shallow foundations on liquefiable soils.
The study of dynamic stiffness and damping of a footing on a liquefiable soil profile is a complex and intricate problem, mainly due to the complexity and nonlinearity of the liquefaction phenomenon itself. Despite extensive research during the last decades, the mechanisms of seismic wave propagation within the liquefied soil are mostly unidentified. It is known that shear-induced dilation under extremely low effective stresses leads to a significant variation in excess pore pressure and in seismic wave propagation velocity even within the same loading cycle. As a result, the mechanical properties of liquefied soil are time-variant during the seismic excitation rendering the problem extremely difficult to analyze. Additionally, the gradual pore pressure dissipation may induce important settlements and detachment of the foundation from the ground. Yet, another difficulty in handling the dynamic impedance problem arises from the existence of a multilayer soil profile (at least three-layer soil, i.e., non liquefiable surface layer -liquefiable soil layer -non liquefiable base stratum) with sharp impedance contrast between the soil layers, which results in strong wave reflections and entrapment of seismic energy within the middle liquefiable soil layer.
On the other hand, the available solutions regarding the dynamic impedance of footings on non-liquefiable soil usually assume linear or equivalent-linear elastic soil behavior and perfect contact between footing and soil [6] [7] [8] [9] [10] [11] [12] [13] [14] . Moreover, soil-foundation interaction is approached by means of an equivalent spring-dashpot system connected with the footing, as shown in Fig.  1a . These formulations are usually rigorous, as the stiffness and damping coefficients are obtained from exact numerical solutions of the corresponding boundary value problems. Evidently, such solutions cannot be implemented in the case of a footing on liquefiable soil.
The scope of this paper is to investigate the dynamic stiffness and damping of a rigid surface square footing resting on liquefiable soil, under external harmonic loading. To this end, the simplest case of a three-layer soil profile consisting of a liquefiable sandy soil layer sandwiched between two stiff cohesive soil layers is considered. For the exploration of the problem, equivalent-linear elastic analyses are utilized, in conjunction with appropriate values for the material constants of liquefied soil. Recent experimental and analytical evidence suggest that during the course of liquefaction, the shear wave propagation velocity can be reduced to 10 -30% of its initial value [15] [16] and the soil material damping ratio may increase to over 20%, in agreement with a substantial increase in imposed shear strains.
These observations allow for a simplification of the problem, which can be separated into two different phases: a) the initial phase (pre-liquefaction) and b) the phase during liquefaction (post-liquefaction) with the material properties of the liquefied soil properly adjusted over those prior to liquefaction. It is further assumed that there is no sufficient soil permeability above and below the liquefied layer so that the change in soil stiffness and damping may be viewed as "permanent" during liquefaction. This is certainly a simplification, but can be considered realistic for the purposes of an earthquake dynamic analysis. Through this decomposition and the simplifying assumptions, one may analyze each phase separately by means of equivalent-linear analysis.
PROBLEM DEFINITION
Fig. 1b depicts the problem under investigation: a rigid square (B B) surface footing on a liquefiable soil profile subjected to harmonic loading. A three-layer soil profile, including a surface clayey crust over a loose sandy liquefiable layer followed by a stiff base clayey stratum, is assumed. The dynamic impedance functions of the footing are obtained for three oscillation modes (vertical, horizontal and rocking). Numerical analyses refer to square footings of various sizes used for the foundation of both ordinary structures and bridge piers. Excitation frequencies cover the frequency range of importance in earthquake engineering.
To examine the influence of liquefaction on the spring and dashpot coefficients, elastodynamic analyses are conducted for both phases, prior and post liquefaction. For postliquefaction conditions, it is assumed that the shear wave propagation velocity of the middle liquefiable soil is reduced to about 17% of its initial value, i.e., from V s2 = 150 m/s decreases to V sliq = 25m/s. In view of the increase in energy loss due to material damping during liquefaction, in the present analyses the material damping ratio in the middle soil stratum is assumed to be equal to β 2 = 3% without liquefaction and equal to β liq = 20% in presence of liquefaction. Given the impermeable nature of the layers above and below the liquefied zone, no pore water pressure dissipation effects are considered. The soil below the surface layer is considered fully saturated and, hence, a uniform value for Poisson's ratio = 0.49 is employed corresponding to a nearly incompressible medium.
Unless otherwise specified, the material properties of the surface layer employed in the following analyses are shear wave propagation velocity V s1 = 100, 250 m/s, Poisson's ratio v 1 The total thickness of the soil profile equals H/B 15, thus, the presence of bedrock does not affect the dynamic response of the footing. Accordingly, the parametric investigation is focused upon the effect of the thickness of the liquefied stratum, as well as the thickness and stiffness of the non-liquefiable surface crust (which should meet the bearing capacity and settlement requirements under gravity loading).
To obtain a set of governing problem parameters, dimensional analysis was employed. The problem involves six major dimensional independent parameters (M = 6): the thickness of surface crust, h 1 , the thickness of liquefiable layer, h 2 , the shear wave propagation velocity of non-liquefiable surface crust, V s1 , the corresponding velocity of liquefiable layer, V s2 , the footing width, B, and the excitation frequency, f. The rest of parameters illustrated in Fig. 1b , including the stiffness of the base layer and the total thickness of the soil profile, are of rather minor importance (i.e. have a second order influence on the response) and are not explored parametrically in the ensuing.
In light of the two fundamental dimensions, length [L] and time [T] (N = 2), application of Buckingham's theorem [17] (M N = 4) yields four dimensionless ratios controlling the response of the footing. The governing dimensionless groups were selected to be h 1 /B, h 2 /B, V s1 /V s2 , h 1 /V s1 . These ratios can describe adequately the dynamic response of the footing.
Therefore, a parametric study is performed to identify the influence of the aforementioned parameters on the dynamic stiffness and damping of the footing. 
METHOD OF ANALYSIS

Numerical modeling tools
The dynamic impedance problem of the foundation on liquefiable soil is analyzed using Cone model solutions. Namely, Wolf and Deeks [18] used wave propagation in cones in order to develop a methodology for determining the dynamic stiffness and damping of surface or embedded cylindrical rigid foundations. Translational and rotational truncated cones (conical bars) are based on Strength-of-Materials theory, following the assumption of "plane sections remain plane" with the associated one-dimensional displacements. By means of cone models, the complex three-dimensional elastodynamic problem is simplified to a problem of onedimensional wave propagation, which admits an exact solution. Apart from cylindrical foundations, various foundation shapes can be analyzed by considering an equivalent circular radius to match footing area for translational oscillation modes (R = B/ π), or moment of inertia for rotational oscillation modes (R = B/ 4 (3π)). A multilayer soil profile overlying a halfspace or bedrock may be readily employed, consisting of any number of horizontal layers with linear elastic behavior and hysteretic material damping. Dynamic stiffness and damping are evaluated for any single frequency for vertical, horizontal, rocking and torsional degrees of freedom. This strength-of-materials approach to foundation dynamics was implemented in the commercial computer code CONAN [18] . The accuracy of the cone model predictions has been verified in a number of studies, which indicate that the deviation in impedance functions between cone solution and the rigorous solutions is within 20% [18] [19] .
To perform a systematic, more accurate and in-depth analysis of the problem at hand, a rigorous Boundary Element Method in 3 dimensions implemented in software platform ISoBEM [20] is also employed. In the BEM formulation, the multilayer medium is solved by considering each soil stratum as a separate homogeneous region, developing BEM equations independently and then assembling and solving the associated set of simultaneous equations by respecting equilibrium and compatibility across a common interface. BEM allows for the reduction in the dimensionality of the problem (from 3D to 2D) which means that only surfaces are discretized. In these analyses, isoparametric four-noded linear quadrilateral elements are used for meshing the surfaces. Note that ISoBEM has been successfully used to study several problems of applied mechanics [21] [22] and soil mechanics [23] . Three-dimensional models simulating a rigid square footing on a three-layer liquefiable soil in ISoBEM were set up with a dual purpose: a) to provide comparisons and b) to yield fitted formulae for static stiffness.
Elastic dynamic impedance
For static conditions, the stiffness of a rigid foundation assuming linear or equivalentlinear soil is expressed by the following dimensionally consistent form
where K 0 ij denotes the force or moment along the degree of freedom i for a unit displacement or rotation along the degree of freedom j; G denotes the soil shear modulus and B the foundation width. The exponent m admits 1 for the translational and 3 for the rotational degrees of freedom. f ij (v) is a dimensionless factor dependent solely on Poisson's ratio. Given that this work deals with surface footings, the coupling term has been omitted and only the vertical (K For dynamic conditions, the dynamic impedance of foundation is written as
where K ij and C ij are the dynamic stiffness and damping, respectively, and i is the imaginary unit ( 1), which indicates a phase lag of 90 o between the maximum spring force and the corresponding dashpot force. By employing the dimensionless frequency a 0 = B/V s , the dynamic impedance can be expressed as
where K 0 ij is the static stiffness and k ij , c ij are dimensionless stiffness and damping coefficients, respectively, as a function of the dimensionless frequency a 0 . The dimensionless stiffness and damping coefficients are real-valued. It is noted that, whereas the k ij coefficient may become negative at times (indicating a phase lag greater than 90 o between excitation and response under dynamic conditions), c ij is always positive so as to comply with thermodynamic constraints.
It is mentioned that parameter a 0 is essentially unique for halfspace conditions (where B is the only parameter carrying units of length), yet might not be so in the presence of bedrock at shallow depth [24] , or in the presence of a significantly stiffer surface soil crust. For the interpretation of the present results, parameter h 1 /V s1 was selected [25] [26] . The increase in the impedance contrast V s1 /V s2 leads to a significant decrease of the static stiffness coefficient, ranging from 28% to 78% for the vertical mode, 14% to 55% for the horizontal mode and 2% to 38% for the rocking mode.
RESULTS FOR DYNAMIC STIFFNESS AND DAMPING
Results using cone model solutions
As the crust thickness ratio h 1 /B increases, static stiffness coefficient for post-liquefaction case increases, which seems reasonable if one considers that for a thick top layer the pressure bulb beneath the loaded area (about 1.5 B in diameter) does not extend to the soft underlying liquefied soil.
The variation in thickness of liquefied soil (h 2 /B) seems to affect only marginally the static stiffness coefficient. With reference to dynamic stiffness and damping, results are depicted in the form of dimensionless ratios Kĩ j / K ij and Cĩ j / C ij as a function of the dimensionless frequency h 1 / V s1 (Fig. 3) . Kĩ j and Cĩ j denote the post-liquefied dynamic stiffness and damping, while K ij and C ij denote the pre-liquefied stiffness and damping values, respectively. The pertinent normalization scheme along with the logarithmic scale for the horizontal axis allow for a meaningful interpretation of the results. Fig. 3 shows typical results obtained by using the cone method. The following observations can be made [26] :
Based on the variation of dynamic stiffness and damping ratios, two different regions in the graphs can be distinguished. For Region (I), the dynamic stiffness ratio Kĩ j / K ij decreases significantly while the corresponding damping ratio Cĩ j / C ij increases well above unity. For region (II), ratio Kĩ j / K ij seems to increase exhibiting sharp undulations while Cĩ j / C ij ratio tends to unity. This observation applies for all three oscillation modes. 
Comparison with BEM results
The comparison of the above results with those obtained by means of rigorous boundary element method is meaningful. For static stiffness in the post-liquefaction case, the maximum observed discrepancy is about 20%, while in the pre-liquefaction case the agreement is better with difference being less than 10% or so [26] . It is noted that BEM typically predicts higher values for static stiffness. The discrepancies, especially for the post-liquefaction case, are anticipated in light of the complexity of the problem and the extremely low value of shear wave velocity considered for the liquefied stratum (V sliq = 25 m/s). However, both methods highlight the significant loss of stiffness of the foundation during liquefaction, with the percentage of reduction in static stiffness being comparable in the two approaches.
Regarding dynamic stiffness and damping coefficients, a comparison between results obtained by means of two independent analyses, for a typical case (h 1 /B = 1, h 2 /B = 1 and V s1 /V s2 = 4), is given in Fig. 4 . Spring coefficient kĩ j and dashpot coefficient cĩ j are plotted, in accordance to Eq. 3, against the dimensionless frequency a 0 , i.e., R/V s1 with R = B/ π being the equivalent circular radius, stemming from the cone solution, and (B/2)/V s1 for results obtained using the boundary element method. It is observed that the agreement between Cone model predictions and BEM results is quite good. 
REGRESSION FORMULAE FOR STATIC STIFFNESS USING BEM RESULTS
A key objective of the paper is to develop regression formulae for the static stiffness of footings on liquefiable soil. Rigorous analyses using ISoBEM are performed to this end. The dimensionless ratios h 1 /B = 0.5, 1, 2, h 2 /B = 0.5, 1, 2, V s1 /V sliq = 4, 7, 10, are examined. It is noted that, in the present analyses, for achieving better regression, the intermediate value V s1 /V sliq = 7 is additionally investigated. All properties of the soil layers remain the same, with the exception of Poisson's ratio v, being 0.499 for the second and third layer. No difference in the results due to those changes is observed.
Convergence and accuracy of BEM analysis
In the realm of BEM formulation, convergence studies for analyzing foundation impedance problems and dynamic soil-structure interaction have been conducted by several researchers [13, 27] . The most significant factors in providing accurate solutions are the distance of the non-reflecting truncation boundary and the boundary element size [28] . To select the optimum model of the pertinent problem, which will provide accurate results and computational efficiency, various 3D models (half and quarter domain) and mesh sizes for each oscillation mode were examined.
Taking advantage of the symmetry of geometry and loading, for the vertical (symmetric) oscillation mode, only one quarter of the system is analyzed. For the horizontal and rocking modes (antisymmetric), analyzing a half model is essential. To this end, the footing surface and the region around the footing up to a distance 3B is discretized using isoparametric fournoded quadrilateral linear elements with element length about 1/12 of the shear wavelength. Moreover, the surface beyond this region up to a distance of 5B needs fine mesh (element length = 1/8 of shear wavelength). The same also applies for the first interface (between first and second layer). In addition, discretization of the ground surface and the interfaces up to a distance of at least 10B to 15B beyond the foundation is necessary for obtaining accurate results. Coarser elements with lengths of about 1/3 to 1/2 of the shear wavelength are adequate for distant points [13] .
For the vertical and horizontal oscillation mode, a uniform unit vertical and horizontal displacement, respectively, is applied to all element nodes of the footing and the resulting load is computed from the tractions developed on the element nodes [25] . For the rocking mode, a unit rotation is applied.
Because of lack of solutions for stiffness of square footings on three-layer soil profiles, the reliability of the models was checked a) by applying to all soil layers the same properties to obtain the stiffness of a rigid square footing on a halfspace, and b) by applying to the second and third layer the same properties, forming a two-layer soil profile, and comparing the results for stiffness with corresponding results in literature.
To establish the accuracy of the present BEM analysis, comparative studies are conducted with available published results. Table 1 provides the comparison of ISoBEM results for normalized static stiffness of rigid square footing on halfspace, for all three oscillation modes, with the empirical formulas from Pais & Kausel [7] . In Table 2 , results for the horizontal static stiffness of a two-layer soil profile (v 1 = v 2 = 0.4) are compared against those obtained from Ahmad & Rupani [13] . 
Numerical results and regression equations
Results for the static stiffness ratio K̃0 ij /K 0 ij obtained by means of ISoBEM, for all three degrees of freedom, are presented in Table 3 . The outcome of this rigorous analysis is in meaningful agreement with the preliminary results obtained by using cone method and demonstrates the significant loss of stiffness upon liquefaction. Although results have been discussed in the previous section, it is worth mentioning that:
The decrease ranges from 11% to 84% for the vertical mode, 11% to 56% for the horizontal and 1% to 59% for the rocking mode, being comparable with these predicted from the cone analyses. 
The above equations can be used in applications as a preliminary assessment of the problem. It is noted that the regression formulae are valid for the post-liquefaction case, i.e., V s1 /V sliq > 1, and for the parameter range examined in the analyses i.e., 0.5 h 2 /B 2.0. Numerical values obtained from the regression formulae are illustrated in Fig. 6 
CONCLUSIONS
Under the convenient assumption of equivalent material linearity, the dynamic impedance problem of a rigid footing lying on a three-layer liquefiable soil profile was numerically investigated, considering all three planar oscillation modes (vertical, horizontal and rocking). Notwithstanding the non-linear nature of the liquefaction phenomenon, it was shown that one may employ elastodynamic analysis as an engineering approach to the problem in the substructuring sense, assuming appropriate values for the shear wave velocity and material damping of the liquefied soil stratum, and considering a kind of "permanent" liquefied condition during the seismic event.
The dynamic impedance of the footing was evaluated for both pre-and post-liquefaction conditions so as to highlight the impact of liquefaction. Numerical results from both simplified cone models and rigorous BEM analyses have demonstrated a significant reduction in footing stiffness along with a considerable increase in overall damping owing to liquefaction. Among the parameters explored, the thickness of the surface non-liquefiable soil layer is the one that seems to control the change in dynamic stiffness and damping.
Based on the boundary element results, regression formulae for the vertical, horizontal and rocking static stiffness were obtained, which can be used for an initial assessment of the static stiffness of a surface foundation on liquefied soil.
